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Abstract 

Gauss hypergeometric functions with a dihedral monodromy group can be ex- 
pressed as elementary functions, as their hypergeometric equations can be trans- 
formed to differential equations with a cyclic monodromy group. The paper presents 
general elementary expressions of these dihedral hypergeometric functions, involv- 
ing finite bivariate sums expressible as terminating Appell's F2 or F^ series. Besides, 
algebraic transformations between dihedral hypergeometric functions are described, 
including Klein's pull-back transformations of algebraic hypergeometric functions 
with a finite dihedral monodromy group. 



1 Introduction 



A,B 
C 



As well known, special cases of the Gauss hypergeometric function 2F1 1 
be represented in terms of elementary functions. A particularly interesting case are 
hypergeometric functions with a dihedral monodromy group; they can be expressed as 
compositions of degree 2 algebraic function with power or logarithmic functions. The 
simplest examples are: 




l + x/l~7 



(1 - Vi)-° + (1 + Vi)-° 

2 

(1 - y^)-° - (1 + Vi)-° 

2a y/z 

iog(i + ^/i) - iog(i - yi) 
2^ 



(a ^ 0), 



(1.1) 
(1.2) 

(1.3) 

(1.4) 



These are solutions of Euler's hypergeometric differential equation with the local mon- 
odromy differences 1/2, 1/2, a at the singular points. The monodromy group is an infinite 
dihedral group (for general o G C), or a finite dihedral group (for rational non-integer a). 



or an order 2 group (for non-zero integers a). Contiguous 2F1 functions have the same 
monodromy group, except possibly for integer a. We refer to Gauss hypergeometric 
functions with a dihedral monodromy group as dihedral hypergeometric functions. 

This paper presents finite elementary expressions for general dihedral hypergeomet- 
ric functions, in Sections [3] and HI The key observation is that a particular univariate 
specialization of Appell's F2 function satisfies the same Fuchsian equation as a quadratic 
pull-back transformation of general hypergeometric equation; see Theorem 12.11 When 
the monodromy group of the hypergeometric equation is dihedral, the F2 function is a 
terminating bivariate sum. Linear relations between Gauss hypergeometric and termi- 
nating F2 series solutions of the same second order Fuchsian equation give the announced 
elementary expressions for the former. The cases of degenerate and logarithmic dihedral 
hypergeometric functions are comprehensively considered in Section [5] 

Additionally, Section [5] presents elementary solutions of the symmetric tensor squares 
of hypergeometric equations with a dihedral monodromy group. More technically, the 
elementary solutions of the tensor square equation are (semi)-invariants of the dihedral 
monodromy representation. 

In Sections [S] and [7] we characterize algebraic transformations between dihedral hy- 
pergeometric functions. As noticed in |Vid04| . [VidOSb] and ^AK03J . classical algebraic 
transformations of degree 2, 3, 4, 6 do not exhaust all transformation between (non- 
algebraic) Gauss hypergeometric functions. Transformations of general dihedral func- 
tions provide examples of "missed" algebraic transformations of Gauss hypergeometric 
functions; those transformations even have a continuous parameter. Surely, algebraic 
dihedral functions have more particular transformations between themselves. In particu- 
lar, a celebrated theorem of Klein implies that any hypergeometric equation with a finite 
dihedral monodromy group is a pull-back transformation of a standard dihedral equation 
with the local exponent differences 1/2, 1/2, 1/m, where m e Z. 

2 Preliminary facts 

A general Gauss hypergeometric function 2F1 1 A z) satisfies Euler's hypergeometric 
differential equation is IAAR99[ Formula (2.3.5)]: 



d'^y(z) ,„, . , N dy{z\ 

dz'^ dz 



^ (1 _ ^) ^_y^ + (c - [A+B + l) z) ^ -ABy[z) = 0. (2.1) 



This is a Fuchsian equation with three regular singular points z — 0,1 and cx). The local 
exponents are: 

0, 1 - C at z = 0; 0, C - A- B a,t z = 1: and A, B at z = 00. 

The local exponent differences at these points are equal (up to a sign) to 1 — C, C — A — B 
and A~ B, respectively. 



In the simplest dihedral case with the local exponent differences 1/2, 1/2, a, the mon- 
odroniy group can be computed using explicit expressions (|l.ll) - (|1.4p . If a 7^ 0, we take 
(II. 2p and a^Jz times (jl.3p as a basis of solutions; analytic continuation along loops around 
z = and z = \ gives the following generators of the monodromy group: 




-1 



and 




exp(— 27ria). 



(2.2) 



If a = 0, the monodromy generators are 



In general, dihedral hypergeometric functions are characterized by the property that 
their differences of local exponents at two of the three singular points are half-integers. 
If the third local exponent is an irrational number, the monodromy group is an infinite 
dihedral group; if it is a non-integer rational number, the monodromy group is a finite 
dihedral group. If the third local exponent difference is an integer, the monodromy 
group is isomorphic either to Z/2Z or (in presence of logarithmic solutions) to an infinite 
dihedral group. The distinction of these two cases is given in Theorem 18. II below. 

By a quadratic pull-back transformation, Euler's differential equation with a dihedral 
monodromy group can be pull-backed to a Fuchsian equation with a (finite or infinite) 
cyclic monodromy group. The quadratic covering must ramify over the singular points 
with half-integer local exponent differences. In the simplest case of local exponent differ- 
ences 1/2, 1/2, a the transformed equation has just two singularities. Correspondingly, 
the classical quadratic transformation |AAR99i (3.1.3)] gives 



2F1 



g+l 
2 

+ 1 



4a:(l -x)]^ 2F1 



a, a + 1 
a + 1 



= {\-x)-\ 



(2.3) 



This formula is equivalent to ()1.1|) . In general, the pull-backed Fuchsian equation will 
have at most two apparent singularities (with the local exponent differences 2fc -f 1, 
2£-|- 1) and two non-apparent singularities (with the local exponent differences a, a). It 
turns out that a general quadratic pull-back transformation of Euler's hypergeometric 
equation, ramified above its singular points, can be related to univariate specialization 
F2{x^ 2 — x) of Appell's F^ function. In particular, the following is proved in |Vid09b| . 



Theorem 2.1 The functions 



Fo 



a; 61,62 



x,2 — X 



d (x-2)-2Fi' 2' 2 



261,262 

satisfy the same second order Fuchsian equation 
Proof. Part 1 of Theorem 2.4 in |Vid09bj . 



bi 



{2-xf 



(2.4) 



a 



Recall that Appell's F2 and F^ bivariate functions are defined by the series 
a; 61,62 



F2 



F. 



Cl,C2 
01,02; 61,62 



X, y 



X, y 



V^ V" («)»+i ibl)^ (62)3 , ■ 
1=0 j=0 



(ci)»(c2)j i!j! 



00 00 



1=0 j=0 



{c)t+j i!j! 



(2.5) 
(2.6) 



For general values of the parameters a, 61, 62, the double series for the F2{x, 2~x) function 
does not converge for any x. However, when 61 and 62 are zero or negative integers, the 
F2{x, 2 — x) function can be seen as a finite sum of (1 — 6i)(l — 62) terms. On the other 
hand, the 2F1 function in (|2.4p is contiguous to (ll.2|l for integer values of 61, 62, hence in 
general it has a dihedral monodromy group as well. This relation between terminating 
i^2(a;, 2—x) sums and dihedral hypergeometric functions is behind our explicit expressions 
for general dihedral functions. We use the following variation of Theorem 12. II 



Corollary 2.2 For non-positive integers k, £, the functions 



2F1 



a g+l t f 
2 ' 2 ' 

2 - k 



z and il + ^/zyF2 



a; — fc, —£ 

-2k, -2e 



2yi 



l + Vz'l- 



(2.7) 



satisfy the same second order Fuchsian equation. 

Proof. Substitute 61 = — fc, 62 = —(- and x — 2^/z/{\ + -/z) in Theorem 12.1 



D 



We present our explicit results in the Section [3l If one of the local exponents of dihedral 
Euler's equation is equal to 1/2 (that is, say, ^ = 0), the double ^2(2;, 2 — x) sum becomes 
a simple 2Fi(a;) sum. This is expected, as a quadratic pull-back of Euler's equation with 
the local exponent differences 1/2, k-\-\/2^p is a Fuchsian equation with three singularities 
(and local exponent differences 2fc-|- l,p,p), hence it solutions are Gauss hypergeometric 
functions. We describe additional explicit expressions for this case in Section 21 

In Section [5] we consider solutions of the symmetric tensor square equation of a di- 
hedral hypergeometric equation (j2.ip . The symmetric tensor square equation has order 
3, and must have an elementary solution because its 3-dimensional dihedral monodromy 
representation must be reducible. We express this elementary solution in terms of ter- 
minating -Fi-i-'i or -F2o'o double sums, where 



Fr 



p2:i-il a;b]pi,p2 
^'^'^ ' c; (71,(72 



1:2:2/ 0.] Pi, P2; Ql, q2 



oo oo 



{a)^+j{b)^+j{pl)i{p2)j , J 



2:0;0 



6; c 



^'^' §§ (c),+,((7i),(g2),z!j! 

OO OO 



(2.8) 



x,y 



EE 

i=0 j=0 



{a)^+J {Pl)t {P2)j (gl)» (g2)j . , ^2 9) 

(6),+, (c),+, z!j! ^ ■ > 



in general. If a = c, these two series reduce to the bivariate Appell's F2 or F3 hypergeo- 
metric series, respectively. 



Recall that Appell's F2{x, y) and f3(x, y) functions are closely related. In particular, 
they satisfy the same system of partial differential equations up to a simple transfor- 
mation. Besides, terminating F2 sums become terminating F^ sums when summation is 
reversed in both directions. In particular, for (a)fc_|_£ 7^ we have 



a; —k, —i 
-2k. -2i 



x,y 



klilia)k+i k i fk + l,e+l;- 
(2fc)!(2£)! "" ^ \ 1-a-k 



-k.-i 



1 1 

x' y 



(2.10) 



The relation between F-^.'-^^.\ {x,y) or -F2o'o (^' 2/) hypergeometric functions is similar. In 
particular, we will refer to the following formula for reversing summation order in both 
directions in a terminating F^.\.\ sum: 



1.1 fa; —a—2k—2£; —k, 



{a)2k+2i+ik\l\x''{\-xY 
{a+k+i){^^J2k)\{2l) 



X, 1 — x 



F, 



1:2:2 



a+k+(. + \\l-a-k-(. 



1 1 



X 1 — x 



(2.11) 



Because of frequent use, we recall Euler's and Pfaff 's fractional-linear [AAR99[ The- 
orem 2.2.5]: 



2F1 



a, h 



{l-z) 



:— a— 6 



2^1 



'.-h 



(1 - z)-- 2F1 



•-h 



z- 1 



The quadratic transformation [AAR99i (3.1.3)] used in (|2.3p is 



2^11 a+b+1 
2 



= 2F1 



— — 
2 ' 2 

g+b+l 
2 



4x (1 - x) . 



(2.12) 
(2.13) 

(2.14) 



The main results of this paper are stated for solutions of Euler's hypergeometric 
equation (|2.ip with 



A 



B = 



a + 1 



C^--k. 



(2.15) 



The local exponent differences of our working hypergeometric equation are fc-|-l/2, £-1-1/2 
and p — a + k + L Throughout the paper, k,i,m denote non-negative integers. Except 
in Section [51 we assume that a is not an integer. 



3 Explicit expressions for dihedral functions 

The following theorem presents generalizations of (|l.ip - (|1.3p . The identities arc finite 
elementary expressions for general dihedral hypergeometric functions. The F2 and F3 
series are finite sums of {k + l){£ + 1) terms. 



Theorem 3.1 The following formulas hold for non-negative integers k,£ and general 
ae C; 



2F1 



a a-\-l 
2' 2 



a+k+£+l 



1- z 



,kl2 



l + \/i 



-a-fe-f 



F. 



k + l,e+l;-k,-£ 
a+k+£+l 



/i - 1 1 - ^/i 



( a+l) ( a g+l , n 

\ 2 ) t -n / 2 ' 2 ^ ^ 



T? I 2' 2 



2/^ 



2 '^ 



{l-^zr^^fa--k,-£ 
2 n-2/c.-2^ 



2V^ ' 2 
2Vi 2 



(3.1) 



1 + Vi'i + V^ 

2Vi 2 



'o+l 



V2Jfc V2Jfc+l V2y 



(-l)'=z'=+^2Fl 



{1-^)-'^ (a;~k,-£ 
2 A -2^, -2^ 

2 \-2k.-2£ 



/i-1'1 



2Vi 2 

2Vi 2 



(3.2) 



1 



/^'l 



(3.3) 



Proof. The first identity follows directly from Karlsson's identity [SK85|, 9.4.(90)]; the 

series on both sides coincide in a neighborhood of z = 1. The other local solution at 

z — 1 is 

k-£,K^~k 



l-z) 



-a-k-e 



;Fi 



2 '" ^, 2 
\-a-k-£ 



1 



(3.4) 



which can be evaluated using (j3.ip with substituted a 1— > —a — 2k — 2£. 

The three terms in p.2p are solutions of the same second order Fuchsian equation by 
Corollarv l2.2[ so there must be a linear relation between them. Up to a scalar multiple, 
the right-hand side of (|3.2p is the only linear combination of the two F2 terms which 

is invariant under the conjugation ^/z h^ — -^/z- Evaluation of the right side at z = 

' a,-£ \ , 

2 1, which can be evaluated using Zeilberger's algorithm. 

In particular, a first order difference equation follows from this certificate identity for the 
summand S{£,j): 



leads to the sum 2F1 



{2£ + 1) Si£ +l,j)-ia + l + 2£) S{£,j) = H{£,j + 1) - H{£,3), 



where 



S{£,j) 



(a). (-^)., 2. 



Hi£.j)^-m^Si£.j). 



(3.5) 



(3.6) 



j\{-2£)r' "'-■'' 2(^+l-j) 

As usual, the first order difference equation for the 2Fi(2) sum follows after summing up 
p.Sp with j — 0,1, ... ,£+1 and simplifying the telescoping sum on the right-hand side. 
The same difference equation is satisfied by {^-^) ^ / {^) f as well, and initial values at 
£ ^ Q coincide. 



An alternative attempt to prove (|3.2p using connection formula |AAR991 (2.3.13)], 
evaluation (|3.ip and relation (|2.10p gives the transformation 









a;-k,~e 2y/z 2 

-2k, -21 1 + yi' 1 + V^, 

a-2fc-2£; -fc, 
-2fc,-2£ 



2VI 



/i-1' 1- 



(3.7) 



We utilize this identity for proving p.3p using the same connection formula. After 
applying Euler's transformation (|2.12p to both right-side terms in connection formula 
|AAR99[ (2.3.13)] we have 






\ r{l + k)T{-a-k-i) 
z I ~ ^—, ^s „/-, — : :^ 2J'l 



r(i-§)r(i-^-^) 

(l-z)-'^^'=-SFi 



a g+l , f 
2 ' 2 ^ 

1 + A: + ^+ 1 



r(| + fc)r(a + fc + ^) ^^ _^^_^_^_^_^Y-t-^-^. ^-fc 



r(2±i + A:)r(f + fc+£+l) '^ "' ^^'V i-a-k-e 

Using evaluation p.ip . for (|3.4p as well, and relations (|2.10p . p.7p . we get 



1-z 



1-z 



D 



Note that the F3 sum in p.ip terminates for all (positive or negative) integers k,i, as 
the set of upper parameters does not change under the substitutions fc i— > — fc — 1 and 



1. Formula ([37ll translates via ([2?T0l) to 



R 



k + l,e+l;-k,-£ 
a+k+i+1 



2Vi ' 2 



(l + a+A;+^)fc+,(^)^ % l_a-fc-^ 



^/i+l l + yi 
2Vi ' 2 



(3.8) 



Summarising, the 2F1 functions (13. 2p and (|3.3p form a local basis of solutions at x = 0; 
the functions in (|3.ip and (|3.4p form a local basis of solutions at x = 1 ; the functions 



z 2 2F1 




2F1 



g+l 
2 



k + £+l 



+ e 



(3.9) 



form a local basis of solutions at a; = 00. Recall that 24 Kummer's solutions correspond 
to the orbit of 6 x 8 permutations of the three singular points z = 0, z— I, z = oo and 
the pairs of local exponents at them [VidOTi Lemma 2.1]. Within our context described 
in (|2.15p . the other Kummer's solutions can be obtained by following this action of the 
mentioned permutations: 

• Permutation of the local exponents at z = 0: the parameters are transformed as 
k 1-^ —k— 1, a 1-^ a + 2A;+ 1; the hypergeometric solution gets multiplied by z'^'^^'^. 

• Permutation of the local exponents at z = 1: the parameters are transformed as 
a 1-^ —a — 2/c — 21; the hypergeometric solution gets multiplied by (1 — z)"""*^"^. 



• Permutation of the local exponents at z = cxd: the parameters are transformed as 
(. i-^- —(.— 1, a i-^ a + 2^+1; the hypergeometric solution gets multiplied by z~^~^''^. 

• Permutation z i-^ 1/z of the singularities z — Q, z = oo: the parameters are 
transformed as fc <-^ ^; the hypergeometric solution gets multiplied by z~°'^. 

• Permutation 2 i— > 1 — z of the singularities z = 0, z = 1: the parameters are 
transformed as fc i-^ —a — k — (. — ^. 

• Permutation z 1-^ z/{z — 1) of the singularities z = 1, z = 00: the parameters are 
transformed as £ 1-^ —a — k — i — ^; the hypergeometric solution gets multiplied by 

(l-z)-'^/2. 



In particular, EuUer-Pfaff transformations (|2.12p - (|2.13p of the 2F1 functions in (|3.ip and 
(13:21) are: 



2-ri 



a g+l I f 
2 ' 2 "^ 

a+k+e+l 



1 - Z = Z 2 2F1 



2J:'1 



a g+l I f 
2 ' 2 "^ *- 

2 — K 



g g+l 
2' 2 



a+fc+£+ 1 



1 
1- - 

z 



,.+^2Fi('*' + ''^ + ' + '+' 



1-z 



a + l 
Z 2 



2^1 



a+k+£+l 



1 
1- - 

z 



= (1-^) 



= (1-^) 



(1-z)- 



-g-fe-f 



2 — fc 



a 
2' 


2 '^ 

/ 1—a u a 

2 ^' 


\ 


Fi 


z-lj 



z- 1 



(3.10) 
(3.11) 
(3.12) 

z I (3.13) 
(3.14) 
(3.15) 



The Euler-Pfaff transformations of the 2F1 function in 

parameters, except that the lower parameter is always positive, i + A; 



have a similar shape in the 
3 
2 



4 The simple cases 



In the special cases A: = or £ = 0, one of the local exponents of dihedral Euler's equation 
(|2.ip is equal to 1/2. Then the terminating double F2 or F3 sums in p.ip - (|3.3p become 
terminating single 2F1 sums. For example, a special case of (13. 2p is 



2F1I 



g g+l 
2' 2 

2 — k 



(i + Vi)-« 



:Fi 



—A, a 
-2fc 



(1 - yi)- 



:Fi 



— fc, a 
-2k 



2Vi 
1 + V^ 

271 
,/i-l 



(4.1) 



This appearance of terminating 2F1 sums is expectable, since the quadratic puU-back 
transformation of Euler's equation with the local exponent differences 1/2, k + 1/2, p is a 
Fuchsian equation with three singularities (and the local exponent differences 2k + l,p,p). 
Hence it solutions can be expressed in terms of Gauss hypergeometric functions. The cor- 
responding quadratic transformations relate the dihedral and terminating 2F1 functions. 
In particular, classical formula [AAR99[ (3.1.9)] gives 

4. ,^^^ 



2F1 



a a+1 
2' 2 

a + k+1 



[x + iy 



2^1 



—k, a 
a + k + 1 



(4.2) 



Formulas ([TTi)) and (^1^ give 

, ^^ + e 

+ i + i 



2F1 



4a;(l 



2F1 



= (1-^) 



a, a + 2£ + 1 


A 


a + £+l 


V 


'>M^:r.. 



These two formulas can be rewritten as 

•l + \/l~7 



2F1 



2-ri 



a g+l 

2' 2 

a + k + 1 



a g+l I p 
2 ' 2 '' 



1 + yT 



2F1 



2F1 



— fc, a 
a + k+1 

-e, a 

a + e+1 



1- VT~~ 



1 + VT^^ 



VT^l-1 



(4.3) 



(4.4) 



(4.5) 



VT^^+1, 

We recognize special cases of p.ip after the substitution z 1-^ 1 — z and application of 
Pfaff's fractional-linear transformation (|2.13[) to the terminating 2F1 series. Relatedly, 
formulas (13. 7|) . (|3.8|) are standard hypergeometric identities when fc = or ^ = 0. 

The monodromy group of the pull-backed equation is a (finite or infinite) cyclic group; 
the monodromy representation is reducible. The pull-backed equation has terminating 
solutions, and they are related to each other (and to hypergeometric solutions of the orig- 
inal equation) differently than classical fractional-linear and quadratic transformations 
or connection formulas prescribe. As investigated in |Vid07| . the set of 24 Kummer's so- 
lutions degenerates when Euler's equation (j2.ip has terminating or logarithmic solutions. 
We comment on these degeneracies in Remarks 18.51 and 18.61 below. 

For general a e C, the setting of |Vid07[ Section 7] applies. We have 



2F1 



— fc, a 
-2k 



= a-xy 



2J"1 



(2fc)! ' ' 
k\{l+a + k)k k p 

— m — "" '^' 

k\{l+a + k)k 
klia)k 



— fc, —a — 2k 

-2k 

-k, k + 1 

1 — a — k 

-fc, 



:Fi 



1 



(2fc)! 



{x - ly 2F1 



l + a- 
-k, a 

- a + k 

— fc, —a — 2k 
1 — a — k 



1 



1-x 



(4.6) 
(4.7) 
(4.8) 
(4.9) 
(4.10) 



Using these formulas, one can modify the finite sums in speciahzed expressions p.ip ~ (|3.3p 
to different appealing finite sums. The six hypergeometric expressions in (|4.6p - (|4.f0p 
with X = 2-y/z/ (1 + ^/z) have the following arguments, respectively: 



2Vi 2Vi l + yi y/z-l ^/i-f ^/i+l 

1 + yi' Vl-f 2v^ ' 2yi ' Vi+f V^-1' 



(4.ff) 



Substitutions like z i— > f/z and z i— > f — z are easy to make here. The substitution 
z I— > z/{z ~ 1) leads to the following six arguments, respectively: 



2z-2v/z2 -z, 2z + 2v/z2 - z, - + 



Vi2^ 



2z 



Vi^ 



2z 



l~2z + 2y/z^ - z, l-2z-2y/z^- z. 
The argument on the right-hand side of (|4.5p can be written as 



(4.12) 



VT^^-1 2 2vT^^ 

, = 1- - + — . 

Vl — z + f z z 



(4.13) 



According to [Vid07|. Section 7], Euler's hypergeometric equation for (|4.6p has other 
terminating solution 



(1 - a;)-'^-SFi 



-k, —a — 2k 
-2k 



(f-a;)-''2Fi 



-k, a 
-2k 



X- I 



(4.14) 



In terms of z under the identification x — 2^/zj (f + \fz), this terminating solution is the 
conjugate ^/z i-^ —\fz of the first one if we adjust a power factor hke in (|4.fp . In total, 
both terminating solutions are representable by 6 terminating and 4 non-terminating 
2F1 sums. The remaining 4 Kummer's solutions of the pull-backed equation are non- 
terminating 2F1 series at x = 0. They are related by Euler-Pfaff transformations (|2.I2p - 
p.l3p . and represent the following solution: 



(-l)'=fcP(a)2fe+i 2fc+i p/fc 
-a; ^ 2Fi( 



(2A:)!(2fc-f 1)! 



(1-^) 



— a — k 



,a + 2k + l 


A 


2k + 2 


V^ 


^ f -k, -a-2k\ 


^\ -2k 





a; - 2F1 



-fc, a 
-2k 



(4.15) 



Classical quadratic transformation |AAR991 (3.1.7)] gives the following identification: 



2F1 



k + l.a + 2k+l 



2k + 2 
consistent with 



2\/i 



= (l + ^/I)%Fl 



g+l 



+ fc, f + fc + £ + 1 



2 
l+k 



z , (4.16) 



Remark 4.1 The 2F1 series in (|4.ip . (|4.6p . (|4.14p can be interpreted as non-terminating 
series, with the first fc -I- 1 terms as in the terminating interpretation, then k terms equal 



10 



to 0, and the tail determined by taking a continuous limit to the integer value of k. The 
left-hand side of (|4.15|) is the difference between the terminating and non-terminating 
interpretations. Both terminating and non-terminating interpretations satisfy the same 
Euler's hypergeometric equation. 

The 2F1 functions in (|4.6p . (|4.14p are formally related by Euler-Pfaff transformations 
(I2.12p - (|2.13p . but the terminating and non-terminating interpretations have to be mixed 
up then. The Euler-Pfaff formulas relating (|4.6p and (|4.14|) are wrong if the 2F1 functions 
are consistently interpreted as terminating series. For integer values of a, the structure 
of 24 Kummer's solutions degenerates further; see Remark 18.51 below. 

Similarly, the F2 series in (|2.7p and the F^.\.\ series in (|2.11l) have the interpretation 
of terminating summation in both directions (which is the one we use), interpretations 
of terminating summation in one direction but non-terminating summation in the other 
direction, and the interpretation of non-terminating summation in both directions. Either 
interpretation satisfies the same defining system of partial differential equations. 

5 Symmetric square solutions 

Let yi , 2/2 denote two independent solutions of Euler's equation (|2.ip with a dihedral 
monodromy group, say, the 2F1 solutions in (|3.2p - (|3.3|) . The functions yf, yiy2, 2/1 
satisfy the same third order Fuchsian equation, called the symmetric tensor square of 
the second order equation under consideration. The monodromy group of the symmetric 
square is the same dihedral group, but the corresponding monodromy representation is 
reducible |SU93[ Theorem 4.1] . An elementary solution of the symmetric square equation 
is expected. 

Clausen's formula 



^^^' A + B+l 



2A, 2B, A + B 
2A + 2B,A + B + h 



(5.1) 



identifies two solutions of the symmetric square of a rather general Euler's equation (|2.ip . 
It applies to the squares of the dihedral 2F1 functions in (|3.ip . (|3.4p when k — 0, and to 
the square of 



2^11 3 



±1 -L i. l-Q 
2 + K, 2 

k 



z- 1 



(5.2) 

—I- K' V I / 

The latter function is related to the specialization £ = of (13. 3p by Pfaff's fractional- 
linear transformation (|2.13p . However, considering (I3.14p with ^ = 0, Clausen's identity 
with 



/ 9l —£. — h 
T? 2' 2 '^ 



1 



(5.3) 



leads to an apparently terminating 3F2 series with A + B = —k vn (|5.ip . Then Clausen's 
identity is false if the 3F2 series is interpreted as a terminating sum. Nevertheless, the 
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terminating 3F2 sum still satisfies the same symmetric square equation; it gives the 
expectable elementary solution. 

Here is an identity that relates the terminating 3F2 sum to the squares of our dihedral 
solutions with £ = 0. 

Lemma 5.1 For any a G C \ Z and any integer k > or £ > we have the following 
identities in a neighbourhood of z = 0: 



(l-z)-%F2 



— fc, a, —a — 2k 



z- 1 



/ a g+l 
p / 2' 2 



24^= fc!4 (a)2 
(2fc)!2(2fc+l)! 



2fc+l ,2fe+l p ( 2 



— o rrC, T7 + /C+I 



(5.4) 



Proof. The function in (15. 3p can be evaluated by taking a limit in Clausen's identity: 



2^1 



A, -A-k 
2 — k 



x] = hm 2F1 



lim 

B-*-A-k' 



3J:^2 



A, B 


^l 


A + B^\ 


2A, 2B, A + B 


2A + 2B,A + B + \ 



The latter limit is equal to 
2A, -2A-2/C. -k 



3^2 






(2A)2fe+i(-2A-2fc)2fc+i(-fc)fcfc! a;2'=+i / 2A+2fc + l, 1-2A, fc+1 

■ 3-r2 



(i - A:)2fe+i (-2fc)2fe • 2 (2fc + l)!'^"V § + fc, 2fc + 2 

Here the first 3F2 series is interpreted as terminating. We apply Clausen's identity to the 
second 3F2 series, and collect the 2Fi(a::)2 terms on one side: 



3^2 



2A, -2A-2k, 



A, -A-k 
{2A)l,^, k9 .^'c+i (A + k + \,\-A 



Now we substitute A i-^ a/2, x — z/{z — 1), use 

(2fc)! 



(^). 



V2Jfc+l 



(2fc + l)! 



Ik 2^*= fc' ' V2;fc+i 22*;+! fci 

and apply Pfaff 's transformation (|2.13p to the 2F1 series to get (|5.4I) 



(5.5) 

(5.6) 

D 
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Similarly, one can prove the following identity for the case fc = 0: 



j2^ /-^, a,-a-2^ 

(a o+l ,g 
(a±\\^ ^ \ 2' 2 ' ^ 



1 



1-Z 






(5.7) 



More generally, formulas (|5.4p and (|5.7p can be blended into the following formula: 



{X-zVFt 



i-i ( a\ —a — 2k — 2£; —k, —' 



z 



1 






z-r i-z 

X- 



^ ' ^"^M l + fc 



.2)k i2Jfc+l V2y£ (2; 



fc+£ 



(5.8) 



The F^.\.\ sum is defined in (|2.8p . The latest general identity is a variation of |Vid09a|, 
(11)]. Most generally, [Vid09a| proves that the univariate functions 



a, b 
c 



2F1 

„1 — C/-1 ^\c—a—b 



p2:l;l 
-^1:1:1 



2a; 26; c- 



a + 5-c+ i 



a + fe + i; 2c - 1, 2a + 2fe - 2c + 1 



x.l — X 



x'-^ii-xy 



- j^i-2-2 / ^;a — 6+^,a+6— c+i;6— a+^,c— a-6+i 
'^2^°^°( c;2-c 



x. 



x-l 



(5.9) 



satisfy the same symmetric tensor square equation, and the following direct generalization 
of Clausen's identity: 



2F1 



a, b 

a+b+i+ 



{a+^)e{b+^)i 



F. 



2a; 2b; a + b + £, -£ 
a + b+^; 2a + 2b + 2£,-2£ 



x.l — X 



(5.10) 



Identity (|5.8p follows from (|5.10p by taking the limit b ^ —a ~ k — I, similarly as in the 
proof of Lemma 15.11 Besides, |Vid09a| proves 



2^1 



a, b 



X 2F1 



1 + a — c, 1 + 6 — c 
2-c 



X ={l-xY-'' 



-b- 



2 X 



pl:2;2 2 
-^2:0:0 



i;a— 6+ia + 6 — c+i;fe — a+i,c— a— 6+i 



c; 2-c 



x-l 



(5.11) 



The case c = a + 6+iof this formula is a well-known [AAR99[ pg. 116] companion 
to Clausen's identity, due to Chaundy [Cha58| . Formula (|5.1ip can be applied with 
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nl:2;2 



terminating -F'20'0 series without any ambiguity. In particular, within our context we 
have 



2J"1 



a g+l I n 
2 ' 2 ~'~ 

a+k+£+l 



1 - Z 2F1 



9l — h — P ^~^ — h 



1- z 



fepi:2;2/ ^; k + 1, £ + I; ~k, -£ 
^ 2:0;ol a + k + £+l;l-a-k-£ 



l--,l-z . (5.12) 



The -^20 sum simphfies to a terminating 3F2 sum if fc = or £ = 0. For example, 



2F1 



a g+l 
2' 2 

a + £- 



2F1 



« l-g 



i,-^, ^+1 



1-z . (5.13) 



The terminating F^:^.\ and -^200 sums in (|5.8p and (|5.12p are related by formula (|2.1ip . 
Up to a constant multiple, the two sums are the same but the summation order is reversed 
in both directions. This is consistent with one-dimensionality of the space of elementary 
solutions for the symmetric tensor square equation. 

More technically, the elementary F^:^.\ or F2.Q.Q solutions are values of degree 2 
semi-invariants of the dihedral monodromy group (or the differential Galois group) of 
starting Euler's hypergeometric equation [SU93| . Formulas (|5.8|l and (|5.12p identify the 
semi-invariants as quadratic expressions in 2F1 solutions. There are higher degree semi- 
invariants if the monodromy group is a finite dihedral group; see Remark l7.4l below. Our 
explicit formulas for the degree 2 semi-invariants can be applied to [KNSY081 Theorem 
3.3] or |OY04j . 

6 Transformations of dihedral functions 

In the following two sections we characterize algebraic transformations between dihedral 
hypergeometric functions. It was widely assumed that classical quadratic and degree 3, 
4, 6 transformations (due to Gauss, Kummer, Goursat) exhaust all transformations of 
the form 




X = e{x) 2F1 



A, B 
C 



(fix) 



(6.1) 



if the Gauss hypergeometric functions are not algebraic functions. Here (p{x) is a rational 
function of x, and 0{x) is a power of a rational function. An instance of a quadratic 
transformation is used here in (|2.3p . Algebraic transformations are usually induced by 
pull-back transformations y{z) 1-^ 9{x)y{(p{z)) of Euler's equation (|2.ip . 

Particularly, |Erd53i Section 2.1.5] states the following: "Transformations of [degrees 
other than 2,3,4,6/ can exist only ifa,b,c are certain rational numbers; in those cases 
the solutions of the hypergeometric equation are algebraic functions. " Transformations of 
dihedral hypergeometric functions provide a simple counter-example to this assumption; 
this was noticed in |Vid04j . [AK03| . 
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All transformations of Gauss hypergeometric functions, induced by pull-back trans- 
formations of Euler's hypergeometric equation, are classified in [Vid04j . The transforma- 
tions for general dihedral functions transform the local exponent differences as follows: 



(1/2, 1/2, a) 4^^ (1/2, 1/2, na). 



(6.2) 



As in |Vid04| , the first triple of local exponent difference is for the hypergeometric func- 
tion under transformation, n denotes the degree of the covering, and the second triple 
of local exponent differences is for the pull-backed equation. These transformations have 
any degree, and have a free parameter a. There are more transformations if a G Q \ Z; 
see Section [71 

Consider a puUback covering 1^9 : P^ ^- P^ for transformation (|6.2p . Let x, z denote 
the coordinate functions on the projective lines above and below, respectively. We can 
write z — <p(a;). As throughout the paper, we assume that the local exponent differences 
1/2 are assigned to the points z — ^, z — co and x — Q^ x — co. We assume that the 
point a; = lies above the point z = 0, so that x divides the numerator of ^(x). We can 
expect then a transformation like 



2F1 



an an+1 
2 ' 2 



1/2 



a. g+l 



ip(x) 



In the notation of [Vid04j . the ramification pattern of <^{x) must be 



(6.3) 



1 

1 + 1 



2 + 2- 
-2 + 2- 



n 
n 



1 + 2 + 2 

2 + 2 + .. 



if n is odd, 
if n is even. 



Here we present the explicit covering and corresponding transformations. 
Theorem 6.1 For a positive integer n, let us define the polynomials 



L«/2J 



e,{x) ^ Y. 



fc=0 



2fc 



i{^) 



L(«-i)/2j 

E 

fc=0 



2fc+l 



(6.4) 



Then the rational function (p{x) — x92{x)'^ /di{x)'^ realizes pull-back transformation 
l\6.S^ . and we have the following identities 



{1-x)" = 0i{x^)~x92{x^) 

(I-X)'" = ei{xf-X02{xf, 





= Biix) 



(6.5) 
(6.6) 

(6.7) 

(6.8) 
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Fi 


^ na na 
2 ' 2 

1 




^ 2 


< 


^ na na+1 
2 ' 2 


na + 1 



X- 1 

l-x I = 



2F1 



^ a 

2 ' 2 

1 

2 



L(a;) 



-a 



(1 - .t)" 



a g+l 



(l-a;)" 



(6.9) 
(6.10) 



2"-i } " "\ a + l 
Proof. Observe that the polynomials 9i{x)^ ^2(2;) satisfy 

(1 - \/i) "= 01 (x)- 7^02(2^). (6.11) 

This identity is equivalent to (j6.5|) . Formula (16. 7|) is easily obtainable using ()1.2p : 

(1- V^)-"" + (i + V^)-"" 



2F1 



na 


rm+1 


2 


2 




1 




2 



(0i(a;)-V^02(a;)) " + (0i(a;) + V^02(^)) " 



l(x)-'^2Fi 



a g+l 
2' 2 

1 

2 



2 

ei{xY 



By part 2 of |Vid041 Lemma 2.1], the covering z = ip{x) — x92{xY /9i{xY gives a pull- 
back (|6.2p between the corresponding differential equations. The ramification degrees 
above z = and z = 00 are obviously right. The point x = \ must must be the unique 
point above z — 1. Hence (1 — x)" must be a constant multiple of 9i{x)'^ — x62{x)'^. 
Indeed, multiplication of (|6.1ip with its conjugate ^/x 1— *■ —^/x version gives (j6.6p . 

Formula (|6.8p follows from Vid04[ Lemma 2.3] applied to (|6.7I) . The last two formu- 
las follow from a standard identification of local hypergeometric solutions (at a; = and 
X = 1, respectively) related by a pull-back transformation. □ 



The polynomials Oi{x), 02{x) in (|6.4p can be written as 2F1 hypergeometric sums: 



n n—1 

l(^)=2Fi( 2^^^ 2 



n— 1 n — 2 

' 2 ' 2 



3/2 



6*2 (x) = n2Fi 

The peculiarly similar identities (j6.5p and (j6.6p can be written as follows: 
(l-x)" = 2F1 

(l-x)" = 2F1 



n __ n— 1 
' 2 ' 2 



1/2 



n n— 1 

2 ' 2 



1/2 



X" I ~ nx 2F1 
2 



X 



n X2F1 



n— 1 n — 2 

' 2 ' 2 

3/2 

_ n— 1 n — 2 

2 ' 2 



3/2 



(6.12) 

(6.13) 
(6.14) 



The latter identity is the special case a = —n, fc = of Lemma 15.11 The polynomials 
6*1 (x), 02{x) are related to Tchebyshev polynomials (of the first and the second kind): 



r„(x) = x"( 



x^-l 



CX„_i(x)=x" 



(6.15) 
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Formula 



can be written, for odd n, as 



2F1I 



na 
2 ' 



na 
2 



= 2F1I 



2 ' 2 
1 
2 



n a;2Fi 



1— n 1+n 
2 ' 2 

3/2 




and for even n as 




2F1 



2' 2 
2 



n a;(l — x)2Fi 



^ 2 ' ' 2 
3/2 



(6.16) 



(6.17) 



The transformation of Theorem 16.11 is unique with the prescribed ramification pat- 
tern (with a; = hes above z = where the focal exponent difference is 1/2), as such 
an transformation with normalized as described must identify the explicit solutions 
(1 — -y/x)"""" and (1 — -y/i)~°, and there is only one way to identify them. 

The transformation with n = 2 is a special case of a classical quadratic transformation; 
compare to |Tem96| Exercise 5.9]. More generally, a classical quadratic transformation 
can transform the local exponent differences as follows: 



(1, fc+i,p)^(fc+i,fc + i,2p) 



(6.18) 



The quadratic transformation of Section 2] transforms the local exponent differences as 
follows: 



(i, fc+i,p)^(2A: + l,p,p), 



P 



(6.19) 



If fc = we can compose (|6.2p and this quadratic transformation and obtain a transfor- 
mation 

(l/2,l/2,p)^(l,np,np). (6.20) 

The same transformation can be obtained by composing the same quadratic transforma- 
tion and (l,p,p) < — {l,np,np) of |Vid04[ Section 5]. By the classification in |Vid04[ 
Section 5], transformations (|6.2p . (|6.20p and the quadratic transformations exhaust all 
pull-back transformations of hypergeometric equations with an infinite dihedral mon- 
odromy group. 

Higher degree classical transformations [GouSlj apply to algebraic dihedral functions 
with a small finite monodromy group. Refining [Vid04i Table 1], we get the transforma- 
tions 



(1 1 2k±l\ ■ 
V2' 3' 4 / 

(1/2,1/2,1/3) 
(1/2,1/3,1/3) 
(1/2,1/3,1/4) 



-(l,fc-^i,^), 
-(1/2,3/2,1/3), 
^(1/2,1/2,1/2), 
^(1/2,1/2,1/2), 



(2,3,^+2) < (2'^+ 2'^^ + 1)' 

(1/2,1/2,1/4)^(1/2,1/2,1), 
(1/2,1/2,1/3)^(1/2,1/2,2), 
(1/2,1/2,1/3)^(1,1,1). 



A special notice is in order for transformations involving degenerate or logarithmic Gauss 
hypergeometric functions; see Remark 18.61 below. 
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If p (or a) is a rational number, the monodromy group is a finite dihedral group, the 
hypergeometric solutions are algebraic functions, and there is a separate class of Klein 
transformations (1/2, 1/2, 1/m) < — (fc + 1/2, £+ 1/2, p), where m is the denominator of 
p. These transformations are considered in the following section. 

7 Transformations of algebraic dihedral functions 

If a is a rational number but not an integer, the dihedral Gauss hypergeometric func- 
tions are algebraic functions. There are more algebraic transformations between these 
functions. In particular, celebrated Klein's theorem implies that any algebraic dihedral 
function is a pull-back transformation of a dihedral function with the local exponent 
differences (1/2, 1/2, 1/m), where m is a positive integer. We assume here that m > 1. 
The case m = I gives degenerate or logarithmic dihedral hypergeometric functions; their 
transformations are commented in Remark 18.61 below. 

Klein's pull-back transformations for second order linear equations with a finite mon- 
odromy group can be found by computing values of monodromy semi-invariants as solu- 
tions of appropriate symmetric tensor powers of the given equation |vHW05] ; extension 
of Klein's theorem to third order linear differential equations equations with a finite 
monodromy group is possible |Ber04| . For Gauss hypergeometric functions with a finite 
monodromy group, Klein's pull-back transformations can be found by using contiguous 
relations and a data base of simplest explicit expressions of Gauss hypergeometric func- 
tions of each Schwarz type |Vid08| . This approach simplifies greatly for algebraic dihedral 
hypergeometric functions, as we demonstrate here. In particular, we do not have to use 
contiguous relations, since we already have general explicit expressions for any dihedral 
hypergeometric functions. 

Theorem 7.1 Let Hi denote hypergeometric equation l\2.1^ with a finite dihedral mon- 
odromy group. Assume that the local exponent differences of Hi are {k+l/2, i+1/2, n/m), 
where k,£,m,n are positive integers, and gcd{n,m) = 1. Let us denote 



k/2r.i k + i,e + i:^k,-e 



G(V^) -^ ^o> ^^„ 



2Vi ' 2 '■ ^ ^^ 



This is a polynomial in ^/x. We can write 

(1 + V^)" G(\/^)" = ei(a;) + x^-+i 62(2;), (7.2) 

so that Qi{x) and 02(0;) are polynomials in x. Klein's pull-back covering for Hi is 
given by the rational function $(a;) = x^''^^ G2(a;)^/0i(x)^. The degree of this rational 
function is equal to (fc + £)m + n. 

Proof. The corresponding standard hypergeometric equation Hq has the local expo- 
nent differences (1/2, 1/2, 1/m). The degree of Klein's pull-back covering for Hi can be 
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immediately computed from part 2 of |Vid041 Lemma 2.5]: 

= (fc + £) m + n. (7.3) 



1 . 1 I i_i 



2 ' 2 

For the sake of immediate visualization, the ramification pattern above the point with 
the local exponent 1/m must hen + m + m + ... + m. Above the two points with the local 
exponent 1/2 we have single points of ramification order 2fc + 1 and 2i + I (which may 
lie in the same fiber or not), and the remaining points are simple ramification points. 

As explained in |Vid08[ Section 2], Klein's pull-back covering can be seen as the 
composition Sq o s, where sq is a Schwarz map for the standard equation Hq, and s is 
the corresponding Schwarz map for the given equation Hi. The inverse Schwarz map 
Sq for the standard equation is a rational function (of degree 2m), and it cancels the 
monodromy of s. Recall that a Schwarz map for a second order linear differential equation 
is the ratio of any two distinct solutions of it. The image of the complex upper half-plane 
under sq is a spherical triangle with the angles (7r/2,7r/2, 7r/?n). 

Slightly differently from |Vid08[ Algorithm 3.1], let z, x denote the variables for Hq 
and Hi, respectively. We assign the local exponent difference 1/2 to the points z = 
and z = cx), and the local exponent difference 1/m to z = 1. On the x-projective line, 
we assign k + 1/2, £ -I- 1/2, n/m to the points x = 0, x = oo and x — 1, respectively. We 
choose the point a; = to lie above z — Q\ the point x = 1 must lie above z — 1; the 
point x = oo lies above z = or z = oo. The Darboux pull-back coverings (as defined in 
|Vid05a| and [VidOS]) for both equations are simply the quadratic transformations that 
reduce the dihedral monodromy group to Z/ttiZ. The Darboux coverings are defined by 
the functions ^/z and ^/x. 

We have the following two solutions of the standard equation Hq: 



2F1I 



1 I !_ 

2m ' 2 2m 



1 + V^ 



1/r. 



(l-z)^/'"2Fi ^™' 2 ^ 2m 



1. 1 I .1 
I' 2 ^ i 

1 + ^ 



2 

1/rn 



(7.4) 



1-H = (^V^) • (7-5) 



We choose the Schwartz map sq to be the quotient of these two solutions. The inverse 
Schwartz map is z = (sg' - if/is"^ + 1)^. 

The hypergeometric solutions of Hi corresponding to (|7.4p - (|7.5p are the solutions in 
p.ip . (|3.4p with a — —njm — k — £; the correspondence is up to the same fractional 
power factor and possibly different scalar factor. The Schwartz map s is equal, up to a 
constant factor, to 



_n k+£ l~k+i n_ 

2m 2 ' 2 2m 



^Fl , 1 - ii 



1-x) /(l-a;)"/™2Fi( 2™ 2' ^ +2m 



1-x 

After applying (|3.ip and (|3.8p to the numerator 2F1 function and just (|3.ip to the de- 
nominator 2F1 function we conclude that the Schwartz map s is equal, up to a constant 
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factor, to G {y/x) jG (— ^/s), where 

The constant multiple is restricted by compatibility of the conjugating automorphisms 
Y^ I— > ~\pz and y/x i— > —^/x of the two Darboux coverings. This automorphism acts 
on sg as sg I— > I/sq; the action on s must be the same. It follows that s is equal to 
G [y/x) / G {— y/x) , possibly up to multiplication by —1. From the explicit form of Sq 
we conclude that 

\G{v^r+G{-v^r) ■ 

Since we chose x = to lie above z — Q, the correct exponent is 2 rather than —2. 
We indeed get a rational function in x on the right-hand side; the function is odd with 
respect to x i-^ —x. The left-hand side of (|7.2p is equal to G {-s/x) . The difference 
G (y/x) — G {—y/x) must be of order fc -t- 1/2, since this is the local exponent difference 
at X = 0. □ 

Corollary 7.2 We can obtain the same rational function $(a;) of the same form if we 
replace the left-hand side of ( |7.^P by 

'^ ^ > (7.8) 






and define Oi{x), 02(a;) in the same way. 



1 + V^' l + ^/i 



Proof. Appell's F2 and i^3 functions in (|7.ip and (|7.8p are related by transformation 
(|2.10p . hence the two versions of Qi{x) and Q2{x) differ by the same constant. It is 
instructive to observe that the same Schwarz map sq can be defined in terms of solutions 
(|1.2[) and (|1.3p of Hq and consider possible correspondence to iJi-solutions (|3.2p and 
(1531) . □ 

The following formula (|7.9p is an analogue of (|6.6p . 
Corollary 7.3 IFe /laue f/ie identity 

ei(x)2 - a;2'=+i e2(x)2 = C (1 - a;)" *(x)'", (7.9) 

w/iere 

^/ N _ '^ ^ \ ^mJk+e\ mJk+e\ 2 2my£ 

''^'' ~ ^fc+£ n+fc-<; n 'I ^ 

V 2 2m /^ 



kpl:2;2l 2' ^ + 1,^+1;-^, 
■^ ^2:0:0 I 1 4_ IL- 1 _ IL 
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l-i,l-2:) (7.10) 



x 



\2)k+l V2/fc V2/f \ 



i~k~e 



2m J i 



l+k-l _ n 



fc+£p2:l;l I 



{i~xr+^F-l;l 



2m J e 

^-k-£;-^-k-£;~k,-£ 



X — 1 1 — X 



(7.11) 



C = 4"+"^=+^) /(l + i)J™ m t/ie settmji of Theorem\Tl\ 

C = 4" /(i)^" (i)^" m t/ie setting of Corollary \T^ 



Proof. Multiplication of both sides of (|7.2p respectively with the conjugate 
of itself gives 

(1 - X)" G(V^) G{-V^) - ei(x)2 - :E2fe+l e2(x)2. 



/a: 1-^ — va; 



To evaluate G{y/x) G{-y/x), we use formulas ((7TT|) . (PTTj) . (|ET^ . and optionally (PTTTj) . 
(17. 8|) . (I2.10p . To check the constant C, one may use the explicit expressions in Remark 
EH below. □ 



Here are some algebraic transformations of dihedral hypergeometric functions implied by 
Theorem O parallel to ((67)) - ((6l^ : 



iFi\ 



_n k+t. 1-k+e ri_ 

'2m 2 ■ 2 2m 

2 — k 



1+k-e n_ k+e 

Pi 2 2m ' 2 

i + fc 



2^1 



2m 



2F1 



2-ri 



_n k+l _n k+e 

'2m 2 ' 2m 2 

2 — fc 



k+i 1-k+e n_ 

2 ' 2 2m 

1_IL 



X- 1 



9i(x) 

ei(o) 



lA 



2^1 



1 j_ 1_ 

' 2m' 2 2m 
1 
2 



x^''+^e2{x)^ 



ei(a;)2 



1-x 



61(3;) 

ei(o) 



1/™^1 o 



62(3:) 
62(0) 



^ 1-^ 



T^ I 2 2rn ' 2m 



a:'fe+i92(x)^ 
ei(x)2 



'l'(x) 

¥(oy 



(l-a;)- 



4(/c+f) 



2-Cl 



1 1 

2m ' 2m 
1 
2 



ei(a;) 

ei(i) 



lA 



2F1 



1 j_ ]_ 

" 2m ' 2 2m 

1 



1 



m 



x^''+^e2{x)^ 

C(l-a;)"*(x)^ 



C(l-a;)"*(a;)" 



(7.12) 



, (7.13) 



(7.14) 



(7.15) 
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Now we can try small values oi k, £ and look for an explicit expressions of Klein's 
pull-back coverings. For k — 0, £ — we have the pull-back transformations of general 
dihedral functions from Section [B] 

With k = 1, £ = we have hypergeonietric equations with the local exponent differ- 
ences (1/2,3/2, n/m). We have to expand in (|7.2p the following expression: 



For n = 1 we get this explicit expansion: 
where 

esix) = 2F1 



(7.16) 



(7.17) 



m m+1 
2 ' 2 



-1/2 

Formula (|7.9p becomes 



X \ „ , , TO — 1 ^ 



ni — 2 771 — 3 

2 ' 2 



5/2 



e,{x)^ - xH,{x)' = {1 - x) (1 - ^) 

\ TO^ / 



(7.18) 



This identity is a special case of Lemma IS.l) with a = —m — 1, fc = 1, z = x/m^. 

Expressions for Oi(a;), 02 (x) appear to be more complicated for higher n, even if we 
keep k — 1, £ — 0. For n = 2 we still can find the explicit expressions 



777 -t-l 777 + 2 777 

2' 7T7 + 2 



Ax 



3(^) 



2(to2-4) 
2tm? 



777—1 777-2 777 + 6 



■ 3^2 



2 ' 2 ' 2(777+2) 

5 777-2 

2' 2(777+2) 



4x 

'm2 



for 



(1 + V^f U ^y - 9,{x) + x^l^ 9,{x) 



(7.19) 



Let Gkj{\/x) denote the G{y/x) polynomial in (|7.2p for particular values of k,£. We 
have 



■X, 



G2,o(V^) = l- . „ 2 

TO dTO.^ 

Tix/x 2n^ — 3to^ nfn^ — 4to^) ,,g 
1 ^— H ^^^ a; ^, ., — ^a;'^/^ 

lOTO'' 



G3,o(\/^) 



771 



5777^ 



G4,o(Va?) = 1 - 



77\/a- ^ 3(77^ — 2to^) ^ n(2v? — l\m?) 3/3 {n? — ■w?){v? — %m,^) 



Im? 



■ X 



21to3 



-x 



105to3 



Gi,i(Vi) = l-^^^+a:, 
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G2,l(VS) - 1 



n \ X n X nx 



3/2 



'~'3.,i\V^ — '^ I : — 2 ^ Tc — 3 — ^ "' i"E — 4 — ^' 



G2AV^) = 1 



n -i/x n^ + 2m? 



nx 



3/2 



Srn^ 



+ x^ 



The expression (1 + -y/x)" Gk^eiy/xy^ has the following simultaneous "approximation" at 
a; = and x = 00 property: 

• At a; = 0, the coefficients to x^^^, x^^'^, . . . , x^~^^'^ are equal to zero; 

• Kl X — 00, the coefficients to a;'^~^''/^,a;'^~'^''/^, . . . ^2;(^+i)/2-f ^re equal to zero; 
here iV = n + mi(k + £). 

Remark 7.4 The polynomials 8i(x) and 02(a;) of Theorem [73] or Corollarv l7. 21 appear 
as semi-invariants (of degree m) of the finite dihedral monodromy group. Let us consider 
the following solutions of a dihedral hypergeometric equation (|2.ip : 



on/m — fc— i? /'i n \ 

TJ/ _ V m 7 fc+£ -p 

1^1 - / 1 I ,,. Zr-^ 2^1 



K 2 2m) I 



_n k+t l~k+i n_ 

' 2m 2 ' 2 2m 



l-X 



(^).^f^ 



_n k+i l-k+l n_ 

'2m 2 ' 2 2m 

1 fc 



(_l)fc+l(l^ 



2 

n ' 
2m , 



2 2my^ V2/fe+l 



( n k±t\ 

k \ 2m 2 )k+t+l k+i, -p 
X 22-ri 



_n k+l l-k+l ri_ 

"2m 2 ' 2 2m 

l+fc 



W^2 



*- '' V ^ m;fc+£ .-. N„/m p I 2^ ^^ ' 2 >" 27^1 

n-k-t n -^ V--^) ' 2i^l|^ ^^^ 



i-2)k 2F1 



2 2m /£ 

^ n k+e 1-k+t. n_ 

2m 2 ' 2 2m 

i i-fc 



1-X 



(-i)M^ 



n \ /" n fc+£ \ 

2myfe V 2m 2 jfe+f+l fc+i 



^1-fe-f n 



2m;£ V2yfc+i 



x'=+3 2Fi 



_ri fc+^ 1-k+e ri_ 

'2m 2 ' 2 2m 

l+fc 



We have 



M^i = 



(-ir^(i+^) 



2k+i/ 



i-fe- 



^.^•/2(l + ^)"/™^^^ 



2m Ji 



k + l,£+l;-k,-l 



V2Jfe V2J< 



'l-fc-£ 



(1 + %/^) 



n/7n+A;+^ 



-2k, -21 



2v^ ' 2 

2^^ 2 



Vi+1' 1 + V^ 



V 2 2m y^ 

The function W2 is the conjugate ^fx ^-^ ~\px of M^i. The polynomials 9i(a;) and 62(2;), 
defined up to a constant multiple, appear in the semi-invariants 

ei(a;) = VKr + P^2"\ x^"^^Q2{x)^W'^ -Wl^. (7.20) 
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The semi- invariants of degree 2 and m are related by formula (|7.9p . with 

n — /!"+! I ( l-k-t n \2™ 

•^ -* / I 2 2^) I ■ 

8 Degenerate and logarithmic solutions 

So far we considered solutions of Euler's hypergeometric equation (|2.ip with the local 
exponent differences k + 1/2, i + 1/2, a + k + I, where k^l are integers but a is not 
an integer. If the third local exponent difference is an integer, the monodromy group 
is either completely reducible and isomorphic to Z/2Z or (in presence of logarithmic 
solutions) it is isomorphic to an infinite dihedral group. The two cases are separated as 
follows. 

Theorem 8.1 Let k,£,m denote non-negative integers. Suppose that the three non- 
negative local exponent differences of \2.1l are equal to k -\- 1/2, £ + 1/2, m. Then 
equation \2.1l has logarithmic solutions if and only if 



m < k -^ £, if m -\- k -\- £ is even, (8-1) 

m<\k-£\, ifm + k + £isodd. (8.2) 

// this is the case, the monodromy group of l\2.1^ is an infinite dihedral group; otherwise 
the monodromy group is isomorphic to Z/2Z. 

Proof. A representative equation (|2.1[) with the assumed local exponents has 



■m + k-\-£ ^ m, + k- £-1 ^ 1 , 

A^ , B = . C= k. 

2 ' 2 ' 2 

The sequence A, 1 — B, C — A, 1 + B — C contains exactly two integers. By part 

(3) of |Vid07[ Theorem 2.2], there are no logarithmic solutions precisely when the two 

integers are either both positive or both non-positive. Equivalently, there are logarithmic 

solutions precisely when one of the integers is positive while the other is non-positive. If 

m -\- k -\- £ is even, the two integers are 

^ m + k-\-£ , -, n ^ -, k -\- £ — m 
A= and 1 + B - C = IH . 

The first integer is always zero or negative; the second integer is positive exactly when 
m < k + £. If 771 + fc + £ is odd, the two integers are 

„ l + m + k-£ , ^ ^ l + m-k + £ 

1-B = and C-A= . 

2 2 

We may assume £ < k without loss of generality. Then the first integer is positive; the 

second integer is non-positive exactly when m < k ~ £. □ 

For comparison, recall [Vid071 Section 9] that Euler's equation (|2.1|1 with (non-negative) 
integer local exponent differences fc, £, m has logarithmic solutions if and only if one of 
the integers is greater than the sum of the other two. 
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Corollary 8.2 Let k,£,m denote non-negative integers, and suppolse that k < i. Euler's 
equation l\2.1\i with l\2.15\i and a — —to has logarithmic solutions if and only if 

TO, 



0< — </s + ^, 



for even to, 



, TO+ 1 ^ „ , , , 

k < < I, for odd m. 



(8.3) 
(8.4) 

// this is the case, the monodromy group of (jl^.jp is an infinite dihedral group; otherwise 
the monodromy group is isomorphic to Z/2Z. 

Proof. Theorem 18.11 is being applied to the hypergeometric equation with the local 
exponent differences k + 1/2, i + 1/2 and m ~ k — £ (or k + £ — m). D 



Our main identities p.ip - p.3p are valid for any a e C and non-negative integers k,£, 
but the left-hand sides of (|3.2p and (|3.3p can vanish when a Pocchammer factor is zero. 
Particular, this happens when a — l — 2p for a positive integer p < niin(fc, £). Adding up 
the right-hand sides of (|3.2p and (|3.3p suggests the following lemma. 



Lemma 8.3 Suppose that m is an odd positive integer. Then for any 6, c G C the 

x,2 — X \ is identically zero. 



triangular sum i^ 



26,2c 



Proof. The F2{x, 2 — x) sum is a rational function in b, c of degree at most 2to. It is 
enough to show that this rational function is zero for infinitely many values of 5, c. By 
p.2p and (|3.3p . the F2 sum is zero when b, c are integers < — ^^^^. n 



When a = —to is an odd negative integer and m < 2min(fc,£), the monodromy group 
is isomorphic to Z/2Z according to CoroUarv 18.21 Formulas (|3.2p and (|3.3p then do not 
give terminating expressions for the functions 



2F1 



'-,£- 



yn — 1 
2 



2F1 



™-l I, 

^— , fi, 

3 

2 



£- 

+ k 



(8.5) 



But terminating expressions for these functions are obtained by applying Euler's trans- 
formation (|2.12p . According to |Vid07[ Section 7], each of the two hypergeometric 
functions can be represented by terminating hypergeometric sums in 6 ways, and by 
non-terminating hypergeometric series (around 2; = or z = 00) in 4 ways. The re- 
maining 4 of the 24 Kummer's solutions represent, up to a power factor, the function 
in (|3.ip . Terminating expression (|3.ip holds, but wc may also use |Vid07i (43)] with 



(n, m, a) 



(l-z)'=+^-'"2Fi 



1 — z, and get 



771 + 1 m 




-k-£ 



(8.6) 
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Both series on the right hand side here terminate. 

Other cases of the TjjTL monodromy group have integer a = —m with odd m > 
2niax(fc,^) or even m > 2{k + £). The set of 24 Kummer's solutions has the same 
structure. In these cases, the hypergeometric functions in (j8.5p themselves terminate, 
while the non-terminating 2F1 solution is (|3.4p . An expression like (|8.6p for this solution 
can be obtained (for odd in) by formally substituting m 1-^ 2k + 2£ — m into (|8.6p itself, or 
(for even m) by formally substituting mi-^2fc — m — l,i?H^— ^— 1 into (|8.6|) . Note that 
Theorem 18.31 does not apply to the F2 functions in p.2p - p.3p for odd m > 2mm{k,£), 
because generally 

lin, (-";W^M^).- _, for 2k<^<n^ (8.7) 

b^-k i\j\ {2b)i{2c)j ^ - ^ ^ 



in the triangular sum of Theorem 18.31 while the same term is taken for zero in the 
rectangular sums in (|3.2[) - (|3.3|) . 

In the logarithmic cases of Lemma 18.21 exactly one Pochhammer factor on the left- 
hand sides of p.2p and (|3.3p vanishes. In order to get a finite expression for the respective 
2F1 function, one needs to differentiate both sides of the vanishing equation with respect 
to a and evaluate at a = — rn. We have 

^(1 + V^)-^ = -(1 + V^)-^ iog(i + V^) 

and similarly for ^(1 — v^)^°. 

Lemma 8.4 The formula for differentiating a Pochhammer symbol is 

±iaU = I ^"^" (^ + ^ + • ■ ■ + ^^T^) ' 'f («)- ^ «' (8.8) 

'^^ I i-iri-ay.{N + a-l)\, ^/(a)iv = 0. 

Proof. If {a)N 7^ 0, we are differentiating a product of N linear functions in a. If 
{o,)n = then a is zero or a negative integer. Writing a = —m + e we have 

(a)jv = {-m + e)(l - m + e) ■ ■ ■ {-I + e) e{l + e) ■ ■ ■ [N ~ m - I + e). (8.9) 

The differentiation is equivalent to dividing out e and setting e = 0. □ 



1 I 1 



-1 



Let "ij^ix) denote the digamma function, ip{x) = r'(a;)/r(a;). The sum 

,'l;_i can be written as "0(0 -I- N) — ip{a) if a is not zero or a negative integer. For an 
integer to > let us define the derivative Pochhammer symbol 



(-TO)j, = A(,)^ 



(8.10) 



By Lemma 15^ we have 



. j (-TO)^(7^(TO+l-iV)-VX™+l)) ifiV<TO, 

— toIat = < 8.11) 

^ I (-1)"to!(7V-to- 1)! ifiV>TO. 
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Note that {—m)]^ ^ when A^ > 0. On the other hand, {—771)1 ~ ^ even if m = 0. 

When differentiating the left-hand side of (|3.2p or (|3.3p with a vanishing Pochhammer 
symbol, it is enough to differentiate only that Pochhammer symbol rather than all factors. 

Suppose that a = —m is a non-positive even integer, and m < 2{k + i). Then the 
two summands on the right-hand side of (j3.2p are equal, since the expression in (|3.3p is 
zero. Identity (|3.2p becomes, for even m < 2(fc + £), 






2F1 



m /J 7n — 1 

2 '* 2 



2 '^■ 



= (1 + V^)"F2 



—771; — fc, —£ 
-2k, -21 



24~z 



/^' 1 



.12) 



We differentiate both sides of (|3.3p with respect to a, keep in mind that 4:; {%] „ evaluates 



to i ("■yj jv' ^i^'i obtain 



. 2 , 



fe(f)!(^ + ^- 



f)! 



>2Jfc V2Jfc-|-l V2J^ 



(-1) 



'=+T z^+h 2F1 1 



da V2/JV 



l + fc 



(^^Mogii^.F. 



^2/« 



l-^/:? 



+ (l-^/i^F; 



?7i; - 


^k,-e 


-2k, 


-2(. 


m] - 


-k,-e 


-2k, 


-2£ 



^ 2 

-A: 

2Vi 2 

2Vi 2 



l + xA 1 



.13) 



Here the F^ functions are rectangular sums of (fc + l)(£-|-l) terms, defined as the F2 sums 
in (|2.5p but with each Pochhammer symbol {—ra)ij^j replaced by the derivative {—ra)\^: 
following (|8.1ip . For comparison, a logarithmic expression for the same 2F1 function can 
be obtained using |Vid07[ Theorem 6.1]. \i m < k ^ I then replacing (n, m, a) there by 



our {f,k + l-m,^+l) 
-2F1 



t^\k+i-m+l ^/c+5 



;^-^) 



k-^,k+e.-^+i 

3 , L 



k+i- 



log(l - 2:) 
(fc+f-m)!(f)! 



2F1 



m /) yn — 1 

' 2 '* 2 

2 - A; 



(2_l)-fe-«+™ '=+^^-1 (^-fc)^. (fc-hf-TO-j-1)! 



m/2 

E 



(^-^) 



(^ 



(fc + £-f 



J !j! 



m — 1 \ 

2 Jj 



k+i~m j=0 y^ I '^ 2 

2 +J) + V-lf -J + 1) - V^(fc+^-m+,7 + l) - ^iJ + 1)) 



{il){l ™-^ 



-(-1)' 



00 // m-l \ (A_rn_^\\ 



{z-iy 



.14) 



Double sums or square roots are not involved here, but the last sum does not terminate. 
If 771 > fc + ^, we may substitute 777 1-^ 2A; + 2£ — 777 into ()8.14p for a similar formula. 
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According to [Vid07[ Section 6], the general set of 24 Kummer's solutions degenerates 
to 20 distinct hypergeometric series, or less ii m = k + i. There are 8 terminating and 4 
nonterniinating hypergeometric series representing the 2F1 function in (|3.2p . Among the 
terminating 2F1 solutions, there is either (|3.ip or (|3.4p : the other solution is undefined, 
unless m = k + i when these two solutions coincide. The remaining 8 (in general) 
Kummer's solutions are non-terminating series around 2; = or z = 00 and represent 
two different functions; among them is (jB.Sp . 

For odd m, we have the same structure of the set of Kummer's 24 solutions and 
similar logarithmic solutions. For 2£ < m < 2k, differentiation of (|3.3p with respect to a 
gives almost the same formula as (|8.13p : we only need to replace the left-hand side by 



{m^)l{k-r^)l{-f] 



k+e+i 



ih) 



k Ujfc+l \2) 



(-1) 



fe+- 



^k+h V I ^ ^^^^,k+£ ^ + 1 



"^ 2F1 



(8.15) 



To get a similar formula as in (|8.14p . we have to substitute mi~>m — 1 — 2^, ^i~^— ^— 1 
there. For odd m satisfying 2k < m < 2£, differentiation of (|3.2p eventually gives 



( m-l \] ( p m+l \\ / ^UlL 

( 1 — m \ { rn\ 

\ 2 )k\ 2 )k+i+l ( T^k k+' 



7n — 1 
2 



-k 



V2Jfc \2)k+l \2)l 



i-lfz" 



-m;- 


-k,-£ 


~2k 


~2£ 


— m: - 


-k,-£ 


-2fc 


^2£ 



271 2 ' 



m — l 

2 ■ 



k + £- 



1 + Vi'l + V^y 

2Vi 2 " 



I'l 



8.16) 
fc-1 



To get a similar formula as in (|8.14p . we have to substitute m h^ m — 1 — 2k, k 1-^ 
there. 

Logarithmic dihedral functions can be expressed in terms of arctanz, arcsinz tunc 
tions, following the formulas 



arctan x 



h^'^^T 



1 



arcsinx — - log ( v 1 



In particular, as well known |Tem96|, Example 5.1], 



2F1 



arctan x 



2^1 




arcsm x 



.17) 



(8.18) 



Remark 8.5 As observed in Section 21 the terminating F2 or F3 sums in p.ip - 
become terminating 2F1 sums in the case k = or £ = 0. If, additionally, a is an integer, 
the structure of 24 Kummer's solutions for the quadratically pull-backed equation degen- 
erates strikingly. If a = —to with < rn < 2fc, there are logarithmic solutions by Lemma 
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We have to apply then [Vid071 Section 9] with {n,m,i) — {\k — to|, \k — m\,m) to 
the pull-backed 2F1 sums. There are at most 10 different terminating 2F1 solutions, all 
representing the same elementary solution of the pull-backed equation. 

If a is an integer and |a -I- fc| > k, the dihedral group degenerates to Z/2Z, while 
the monodromy group of the quadratically pull-backed equation is trivial. By [Vid07[ 
Section 8], the pull-backed equation has 3 solutions like in (14. 6p . each representable by 6 
terminating and 2 non-terminating 2F1 series. 

Recall that non-degenerate Euler's equation (|2.ip has a basis of hypergeometric solu- 
tions at each of the singular points; the six solutions are different functions, and each of 
them has 4 representations as Gauss hypergeometric series due to Euler-Pfaff transfor- 
mations (|2.12[) - (|2.13p . This gives the total of 24 Kummer's solutions. 

Remark 8.6 Algebraic transformations of Sect ions [H] and [7] involving degenerate or loga- 
rithmic Gauss hypergeometric functions still apply as pull-back transformations of their 
hypergeometric equations (|2.ip . But relations between the hypergeometric solutions 
might be non-standard, as degenerate sets of 24 Kummer's solutions have a different 
structure. For example, consider the classical quadratic transformation (j6.19p repre- 
sented by transformation (|4.2p . The dihedral function on the left-hand side of (|4.2p gets 
actually identified with all 6 terminating 2F1 sums in (|4.6p - (|4.10p . minding the front fac- 
tors and the substitution x '—^ 1 — x. On the other hand, the terminating 2F1 sums in (14. 6p 
and (|4.14p are not related by two-term identities according to Remark 14.11 Hence there 
are no two-term identities between the dihedral function in (j4.2p and the terminating 
sums in (|4.14p . 

In transformation (|6.20p . the set of 24 Kummer's solutions on the (l,np,np) side is 
always degenerate. 

Transformations (|6.18p and (|6.19p involve degenerate Gauss hypergeometric functions 
on both sides when p is an integer. Let us assume here that p is an integer. By Theorem 
18.11 logarithmic solutions appear in (|6.18p or (|6.19p if and only if \p\ < k. The special 
case fc = of (|6.18p leads to Tchebyshev polynomials, as demonstrated in (|6.15p . More 
generally, Gegenbauer polynomials C^ with 7 = A: + 1 appear in (|6.18p when p ~ n + 
k + I. The special case p — oi (|6.19p leads to Legendre polynomials. More generally, 
Gegenbauer polynomials C^ with half-integer 7 = ^ -I- |p| appear when k = n + |p|. 
For a complete view, a quadratic transformation for general Gegenbauer polynomials 
transforms the local exponent differences of their 2F1 expressions as follows: 



7, n + 7)^(i-7, i-7, 2n + 27). (8.19) 



k2' 2 
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